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It is proved that for an [FC]- group G, the Beurling algebra L:(G) is *-regular 
if and only if w is non-quasianalytic. As an application the Wiener property is 
deduced. Further for a u-compact [FD]- group G, points in Prim, L.:(G) are 
shown to be spectral provided that w satisfies Shilov’s conditions. 
A weight function on a locally compact group G is a measurable locally 
bounded function w such that w(x) 2 1 and o(xv) < o(x) o(y) for 
all x, y E G. The corresponding Beurling algebra L:(G) is the Banach 
algebra under convolution of all functions f E L'(G) such that ]]f]], = 
Ic If( 44 dx < co. The study of harmonic analysis of such algebras was 
initiated in 1938 by Beurling in the case G = I?, and carried on in the case of 
general locally compact Abelian G by Domar [5]. We continue the study of 
Beurling algebras, this time on groups having relatively compact conjugacy 
classes, so-called [FC] - groups. In this process we use some of Domar’s 
results. Moreover, papers of Liukkonen and Mosak [ 13, 171 on centers of 
Beurling algebras were very stimulating. 
The first section of this paper contains some auxiliary results on Banach 
*-algebras, which may be of independent interest. 
If G is an Abelian locally compact group and w a symmetric weight 
function on G with rate of growth lim,,, o(x”)“” = 1, then L,!,,(G) is 
regular if and only if w is non-quasianalytic, i.e., CT= I n-* log w(x”) < co 
for all x E G. Now, generalizing regularity the following definition of *- 
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regularity proved to be suitable: For a Banach *-algebra A let Prim, A 
denote the space of all kernels of irreducible *-representations of A endowed 
with the hull-kernel topology. A is called *-regular if the canonical mapping 
of Prim C*(A), the primitive ideal space of the enveloping C*-algebra of A, 
onto Prim, A is a homeomorphism. In Section 2 we prove for [FCJ- groups 
the analog of the above-mentioned regularity criterion for Abelian L:(G). 
In the last section we are concerned with spectral synthesis problems. A 
closed subset E of Prim, L:(G) is called a spectral set if the kernel of E is 
the only closed ideal in L;(G) with hull equal to E. We show that, if w is a 
symmetric non-quasianalytic weight on the [FC] - group G, then 0 is a 
spectral set, i.e., every proper closed ideal in L:(G) is annihilated by an 
irreducible representation. In the Abelian case points are spectral sets, 
provided that w satisfies certain conditions defined by Shilov. It turns out 
that the same result holds for u-compact groups having a relatively compact 
commutator subgroup. An important tool in our proofs is the Beurling 
algebra version of the projection theorem for spectral sets for L’ialgebras. 
1. SOME BANACH *-ALGEBRA LEMMAS 
Let A be a Banach *-algebra, 2 the set of equivalence classes of 
irreducible *-representations ofA and Prim, A the space of all kernels ker K, 
z E a. Prim, A is equipped with the hull-kernel topology: 8= h(k(E)) for 
E c Prim, A, where k(E) = npeE P denotes the kernel of E and h(M) = 
{P E Prim, A; P 2 M} the hull of M z A. Suppose that A is *-semisimple. If
x is any *-representation of A, we denote by z* the extension of rr to the 
enveloping C*-algebra C*(A) of A. We then have a canonical map @: 
Prim C*(A) = Prim, C*(A) --, Prim, A given by P+PnA or 
ker rr* + ker rr, and 0 is onto and continuous. A is called *-regular if @ is a 
homeomorphism [ 3 1. 
LEMMA 1.1. Let A be a *-semisimple Banach *-algebra, and suppose 
that A,, I E A, is a directed system of closed *-subalgebras of A such that 
Uls,, A, is dense in A and C*(A,) is isomorphic to the closure of A, in 
C*(A). If all A, are *-regular, then so is A. 
ProoJ An equivalent formulation of *-regularity is the following (see 
[3]): if K and p are +-representations of A, ihen ker K c ker p implies 
ker rr* s ker p*. From this characterization one easily deduces that A is *- 
regular if and only if Z = In A holds for every closed ideal I in C*(A). 
Thus, let I be a closed ideal in C*(A). Since the C*(A,), 1 E/i, form a 
directed system of C*-subalgebras of C*(A) such that C*(A) = 
UAE,, C*(A,), we have- I= Ula,, 1n C*(A,) [22, Lemma 1.211. Now, 
Z n C*(A,) = In A, as A, is *-regular. It follows that Z = Zn A. 
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In [2] the notion of a locally regular Banach *-algebra was introduced. 
Let A be a *-semisimple Banach *-algebra and S the set of all self-adjoint 
elements in A. For a E S, denote by A, the closed commutative subalgebra 
of A generated by II. A is called locally regular, if there exists a dense subset 
D of S such that A, is regular for every a E D, i.e., given a closed subset C 
of d(A,), the structure space of A,, and a v, E d(AJ\C, there exists an 
element x E A, such that 21 C = 0 and a(q) f 0. Barnes [2, Theorem 4.131 
proved that a locally regular algebra is *-regular, and that L’(G) is locally 
regular provided that G is a locally compact group with polynomial growth. 
That such L’-algebras are *-regular, has previously been shown in [3]. 
Recall that a Banach *-algebra A is symmetric if every self-adjoint element 
in A has a real spectrum. Ludwig [ 141 has shown that if G has polynomial 
growth and L’(G) is symmetric, then given a closed subset E of 
Prim, L’(G), there exists a smallest (closed) ideal in L’(G) whose hull is E. 
LEMMA 1.2. Let A be a locally regular and symmetric Banach s-algebra. 
Then, given a closed subset E of Prim, A, there exists a smallest ideal j(E) 
in A whose hull equals E. 
ProoJ By assumption there exists a dense subset D in S such that A, is 
regular for all a E D. Set E, = (2 E d(A,); I(A, n k(E)) = O}, and denote by 
j(E,) the smallest ideal in A, with hull E,. We claim that E = h(U,,, j(E,)). 
Clearly, E E h(U,,, j(E,)). Conversely, suppose that x E A and ker K 66 E. 
There exists b E S such that b E k(E), but n(b) # 0. Choose a E D such that 
lla-bll<4 h w ere 6 = 3 II~(b)ll. Then I]7c(a)]l > 2S and I]o(a)]] < 6 for all 
c E A with ker cr E E. Now, for any representation p of A,, we have 
I]p(a)]l = sup{)a^(A)l; A E d(A,) such that ker J 1 ker p). 
This follows from the fact that 
and 
x + kw --) lb-WI 
x+kerp+sup(l&)];LEA(A,), kerI?kerp} 
are C*-norms on AJker p, and that A,/ker p is regular, so that any two C*- 
norms on AJker p coincide [2, Lemma 4.11. Thus la”(J)] > 6 for some 
Iz Ed(A,) such that ker A 2 ker nlA,. On the other hand, if ker u E E and 
~1 E d(A,) with kerl? ker ulA,, then ]a^@)] ( S. This shows that the 
function p -+ ]a^@)] is bounded by 6 on E,, hence 1 E E,. Since A, is regular, 
there exists a y E A, such that j?(A) # 0, supp y^n E, = 0 and supp y^ is 
compact. Then y E j(E,) and z(y) # 0, so that ker a cf h(U,,, j(E,)). Now, 
for every x E j(E,) we find a y E k(E,) such that x = xy. Since we have 
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shown above h(lJ (IED j(E,)) = E, M = lJ,,, j(E,) satisfies the assumptions 
of [ 14, Lemma 21. A being symmetric, it follows that M is contained in 
-every ideal Z of A with h(Z) = E (Ludwig formulated this only for closed 
ideals I. But, as he pointed out later, his arguments in fact show MC_ Z for 
every ideal with h(Z) = E). 
Let A be a Banach *-algebra. A closed subset E of Prim, A is called 
spectral or a spectral set if the kernel k(E) is the only closed ideal in A with 
hull equal to E. We say that A has the Wiener property if 0 is a spectral set, 
equivalently, every proper closed ideal in A is annihilated by some 
irreducible *-representation of A. 
Remark 1.3. Suppose that A is a Banach *-algebra possessing approx- 
imate units and having the Wiener property. Let E and F be disjoint closed 
subsets of Prim, A. If E U F is a spectral set, then so is E. Indeed, let Z be a 
closed ideal in A with h(Z) = E. Then Z n k(F) = k(E U F) as h(Z A k(F)) = 
E U F is spectral. Moreover, since h(Z + k(F)) = 0 is spectral, Z + k(F) must 
be dense in A, hence contains (say, right) approximate units for A. Therefore 
k(E) C k(E)(Z + k(F)) G Z + k(E u F) = I= I. 
LEMMA 1.4. Let A be a *-semisimple Banach *-algebra with approx- 
imate units, and suppose that A is locally regular and symmetric and has the 
Wiener property. Let Prim, A = U le,, FA be a decomposition of Prim, A 
into open sets. If E is a closed subset of Prim, A such that all En F1 are 
spectral, then E is a spectral set. 
Proof. (a) We prove first that if Prim, A = UU V, where U and V are 
open and disjoint, and if E c_ U and F c V are spectral sets, then E U F is 
spectral. It clearly suffices to show k(E U F)j(0) G j(E U F). Recall that, 
since A is locally regular and symmetric, smallest ideals exist, and that 
S E T implies j( 7’) G j(S) (see the proof of Lemma 1.2.). Moreover, j(0) = 
j(U)+j(v) as h(j(U)+j(V))=a. Now if aEk(EUF)j(O), then a= 
b(u + u) for some b E k(E U F), u E j(v) and v E j(V). We claim that 
bu E j(E U F). E being a spectral set, it is enough to show j(E)j(v) E 
j(E u F). But 
h(j(EuF)+j(U))=E and h(j(U) n j(v)) = Prim, A 
imply that 
A@ E j(E U F) + Av) and G9Av) = 0. 
It follows that j(E)j(V) sj(E U F). In the same way it is shown that 
buEj(EuF). 
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(b) To prove the lemma, let Z be a closed ideal in A with h(Z) = E. We 
are going to show k(E) n j(0) E I. Since j(0) is generated by elements of A 
which can be factorized,j(0) is contained in the ideal consisting of all a E A 
such that a E P for all P outside some compact subset C, of Prim, A. Thus, 
given a E k(E) nj(0), there are R, ,..., 1, Eli such that a f Zc(c),,,iFJ. Set 
Then S is a spectral set. In fact, this is a consequence of (a), since U,,,iF?i 
is spectral by Remark 1.3 and the EL{ c Fn, are spectral by assymption. It IS 
easily seen that 
h(Z + k(l,& FL,)) = Uf=, EL, is also spectral, so that k(Ui”,t En,) = 
(Z + k(Uf=, F,,))-. We therefore obtain 
aEk(S)= ((k(u++(pA,)))- 
E (b (,ii,iFA)(l+k(~,FAi))))-iz. 
2. *-REGULARITY OF L:(G) 
In this section we show that for G E [FC] -, the class of all locally 
compact groups having only relatively compact conjugacy classes, L:(G) is 
*-regular if and only if o is non-quasianalytic. Our proof uses that this holds 
for Abelian groups [5]. Recall that for a commutative symmetric Banach *- 
algebra A *-regularity is equivalent o that the set of Gelfand transforms of 
A is a regular algebra of functions on the structure space of A. Domar’s 
result has been extended to the center of L:(G), GE [FC]-, by Liukkonen 
and Mosak [13]. 
To formulate the following proposition, which will turn out to be very 
useful, we have to introduce some notations. If rt is a (continuous unitary) 
representation of G, then we denote also by n the corresponding *- 
representation of L’(G). Sets S and T of representations of G are weakly 
equivalent (S w 7) if fiosS ker u* = n,,, ker r*. G is the dual space of G, 
i.e., the set of equivalence classes of irreducible representations of G, 
equipped with the inverse image of the hull-kernel topology under the 
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canonical mapping d + Prim C*(G), n + ker rr*. For any representation x of 
G, we set supp n= {p E 6; ker 7c* s ker p*}. Finally, if H is a closed 
subgroup of G and t a representation of H, then cCn = IY denotes the 
representation of G induced by r. 
PROPOSITION 2.1. Let G be a second countable group having a relatively 
compact commutator subgroup. Then every z E G is weakly equivalent to 
some representation induced by a finite-dimensional one. More precisely, let 
K be a compact normal subgroup of G such that G/K is Abelian and choose 
r E K such that RI K is weakly equivalent to the G orbit G(r) of c. Then there 
exist a subgroup H of G and a finite dimensional p E I? such that n N oiY’, 
p 1 K N <, and K E H c_ G,, where G, denotes the stability subgroup of r. 
ProoJ: Recall first that by Mackey’s theory, n = U” for some a E G, 
satisfying a 1 K - c. By [ 15, Theorems 8.2 and 8.31 there exist a multiplier o 
on F = Gt/K (whose lift to G, is also denoted by u), an irreducible u- 
representation /3 of F (and hence of G,), and a &representation y of G, in 
H(r), the Hilbert space of <, extending < such that a = /3 @ y. 
Consider now the central extension F” of F defined by IS, i.e., F” = F x B 
with the Weil topology and multiplication 
(XT S)(Y, t) = (xv, st4x, Y)) for x, y E F, s, t E T, 
and the irreducible representation /3” of F” corresponding to /?, i.e., 
p”(x, t) = t/?(x) for x E F, t E T. Now F” being nilpotent of class 2, there are 
a subgroup L of F” containing T and a linear character A of L such that 
P” - &Ja [ 11, Lemma 21. Clearly, L = M” for some subgroup M of F and 
A = (3LIM)” as 
Denoting by Us = $J’ the u-representation of F induced by the u ]A4 x M- 
representation 6[ 1, 151, we have (FUs)” = &Js” [ 1, Lemma 1.21. Thus 
P” - &JA = (JPp”. 
This shows that coordinate functions of j3 = p” ] F can be uniformly approx- 
imated on compact sets by sums of coordinate functions associated with 
@‘M, and conversely. Setting H = {x E G; XK E M} and viewing x = A ]M 
as a multiplier representation of H, we obtain 
But p @ y = GIUx@Y’H [ 15, Theorem 4.51, and since 7~ = U* and 
dimk @ y] H) < co, this completes the proof. 
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Since every o-compact group G is a projective limit G = proj lim G/K, of 
second countable groups and G = lJ, GG [ 16, Proposition 2.21, 
Proposition 2.1 holds for a-compact groups with relatively compact 
commutator subgroup. 
We turn now to weight functions and Beurling algebras. If H is a 
subgroup of G and cc a weight on G, then we denote by oH the restriction of 
w to H. Two weight functions w, and o2 on G are called equivalent if there 
are constants c, d > 0 such that cc+(x) Q oi(x) Q dw,(x) for all x E G. In 
this case wi and w2 define the same Beurling algebra, and the norms ]I IIw,, 
II IL* are equivalent. Since all the conditions on w, occuring in this paper 
(non-quasianalyticity, Shilov’s conditions, etc.) also hold for w2, we can for 
all of our purposes replace a given weight by an equivalent one. Let K be a 
compact normal subgroup of G, and suppose that o is a symmetric weight 
on G, i.e., w(x-‘) = w(x) for all x E G. Then there exists a symmetric and 
upper semicontinuous weight function on G which is constant on cosets of K 
and equivalent o w (see [19, p. 83, 851 and [13, p. 300, 3011). The rate of 
growth Q of a weight o is defined by Q(x) = lim,,, w(x”)“~. If o is 
symmetric, then L:(G) is a *-algebra, and Liukkonen and Mosak [ 13, 
Theorem 2.61 have shown that if G E [FC] - and o is symmetric, then 
L:(G) is a symmetric Banach *-algebra if and only if Q = 1. 
LEMMA 2.2. Let G E [FC] -, and suppose that w is a symmetric weight 
function on G with rate of growth R = 1. Ifr is a *-representation of L;(G), 
then II 4fIl G Ilf IILIcGjfor allf E J%G). 
Proof In order to show this, it clearly suffices to consider the case that 
f E C,,(G) and f = f *. Then 
II 4s 112” = II U2”11 G Ilf 2’llL~co 7 
and setting S = supp f, we have 
Ilf”ll L:(G) q 4x)( *a- 1 If(YA ..*f(Y,-1) G s s 
Xf(Y,‘, a.- y;‘x)J dy, ..a dy,,-, dx 
G Ilf IKW sup@(z); z E SF). 
Thus, for all n E N, 
II WII G Ilf IL’(G) (suP{+); z E S2”1)2-“. 
Now, by [ 13, Lemma 2.41 lim,,, (sup{w(x); x E Sm])*‘m = 1. 
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It follows from Lemma 2.2 that LG)= {n],!,:(G); rt EL%)], and 
therefore the enveloping C*-algebra C:(G) of L:(G) coincides with C*(G). 
We proceed on to prove the announced result of this section by showing in a 
special case that the canonical mapping Prim C*(G) + Prim, L;(G), P-t 
Pn L;(G), is injective. From now on, if R is a representation of L’(G), we 
denote by 7c, its restriction to L:(G). Moreover, if S is a set of represen- 
tations of the Banach *-algebra A, we set ker S = {ker a; o E S}. A locally 
compact group is called an [FD] - group if it has a relatively compact 
commutator group [ 71. 
LEMMA 2.3. Let G be a second countable [FD] - group and w a 
symmetric weight on G with rate of growth l2 = 1. Then the mapping 
Prim C*(G) + Prim, L:(G) is injective. 
Proof Let K be a compact normal subgroup of G such that G/K is 
Abelian, and suppose that 71, pE 6 such that ker 72, = ker p,. If v E L ‘(K) = 
LLK(K) with n[KK(v) = 0 and if pu, denotes the measure on G defined by v in 
the usual way, then n(f*p,) = z(f) nlK(v) = 0 for all f E C,,(G). Thus 
GoWv, z ker P, 9 and this implies pI K(v) = 0. Hence 7c ]K - p I K, and by 
[ 10, Theorem 21 p - 7~ @ A for some Iz E @. By Proposition 2.1 there exist 
a <E K, a subgroup H of G and a finite dimensional a E H such that 
KcHsG,,aJK-<andU”-zSetting/3=a@JIH,wehaveU4-p.We 
are going to show a =/I. This follows as soon as we have shown 
C,,(H) n ker a E ker p, since dim a < co implies that C,,(H) 17 ker a is 
dense in ker a. 
Notice first that C,,(H) n ker G(a) = C,,(H) n ker G(/?). In fact, if 
v E C,,(H) n ker G(a), then C,,(G)*p, 5 ker z, = ker p, and therefore 
p ] H(v) = 0, i.e., v E ker G(P). Let now f E C,,(H) n ker a, denote by rp the 
(H-invariant) trace function of r, and consider f*pG E C,,(H). If y E H such 
that r 64 supp y( K, then y] K(q) = 0 and hence y(f*,uJ = 0. Now, a being the 
only element of G(a) whose restriction to K contains 6, we have f*pu, E 
C,,(H) n ker G(a) s ker /I. But /3] K is a multiple of r, and cp is a central 
function in H, hence /I&,-) is a nonzero multiple of the identity operator. 
Therefore we obtain B(f) = 0. 
Remark 2.4. Let G be an [FD]- group and K a compact normal 
subgroup of G such that G/K is Abelian. Suppose that w is as in 
Lemma 2.3. Then for K E 6, ker(n @ @), is open in Prim, L:(G). 
Indeed, if K] K - G(c), r E K, v = (trace 4)) E C(K) and ,J E G%, then 
7c @ QL,) = ILI K(v) # 0, hence x @ n(f*p,) # 0 for some f E C,,(G). On the 
other hand, q(v) = 0 for all q E K, r7 # c, so that p(f*pJ = 0 for all p E C? 
such thatplK+z]K. 
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LEMMA 2.5. Let G be a second countable [FD]- group and w a 
symmetric non-quasianalytic weight function on G. Then the mapping 
P+ Pn L:(G) from Prim C*(G) onto Prim, L,(G) is open. 
ProoJ: Let K be a compact normal subgroup of G such that G/K is 
Abelian, and let K E G. We can assume that o is constant on cosets of K. In 
view of the above remark, it suffices to show that 
ker(a @ $?)* + ker(n @ $?), , ker(n @ 1) * + ker(n @ A), 




I ker(rr @ G&, , 
where r is the restriction map 1 + A]H and j and i are given by j(n) = 
ker(n @ A), and i(u) = ker(UP@“),. To prove the above assertion, it is 
enough to show that j is open, and since r is open, it remains to show that i 
is open. Set 
C= (xE K; p(yxy-‘)= 1 for all yE G}, 
then C is a normal subgroup of G and ker(n @ G%)U s Prim, LL(G/C). 
Moreover, H/C is a maximally almost periodic [FD] - group, hence a 
[Moore] group [21], i.e., every irreducible representation of H/C is finite 
dimensional. Therefore, we can assume that H is a [Moore] group. H being a 
[Moore] group with relatively compact conjugacy classes, L;(H) is a central 
Banach algebra in the sense of [20, (2.7.6)]. Moreover, H has small 
invariant neighbourhoods [16, Lemma 4.21, and hence by [7, 
Theorem (O.l)] the group of inner automorphisms of H is relatively 
compact. Since w is constant on cosets of K and H/K is Abelian, oH is 
invariant under inner automorphisms of H. An application of [ 13, 
Theorem 3.11 shows that the center Z:“(H) of L:“(H) is *-regular. As 
L:“(H) is central, we conclude from [20, Theorem 2.7.91 that L&,(H) is *- 
regular. This means that the bijection 
fi + Prim, LtH(H), r+kerr, 
is a homeomorphism. 
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Now let VS HQ be open. G@) is closed in I?, since G@) --) G(r) E I? is 
injective. It follows that if A E H@?, then i(A) E i(V) iff 
for some ,U E F’. To show that i( Q is open, given p E V, we have to find a 
gE L;(G) such that U”@“(g) # 0, but U“@“(g) = 0 for all A such that 
G@@L) sfiG@) @ V. Since G@) @ Y is open in fi and fi+ 
Prim, L&,(H) is a homeomorphism, there exists a v E LLH(H) such that 
p~~(~)#O,buta(v)=Oforallo~G@)~V.AskerU~~~~H~kerp~~, 
we obtain 
hence UpO~Y;~,) # 0 for some fE C,,(G). On the other hand 
V@“(f*p,) = 0 for ;1 E fi with G@) @ L c mG@) @ V. This finishes the 
proof of Lemma 2.5. 
We are ready to prove the result announced at the beginning of this 
section. 
THEOREM 2.6. Let G be an [Fe]- group and w a symmetric weight 
function on G with rate of growth f2 = 1. Then L;(G) is *-regular if and 
only if w is non-quasianalytic, i.e., C:= 1 n -’ log w(x”) < co for all x E G. 
Proof: Suppose first that w is non-quasianalytic. Applying Lemma 1.1 to 
the set of all LL-algebras of open, compactly generated subgroups of G, we 
notice that we can assume that G is compactly generated. In particular, G 
is then an [FD] - group [7, Theorem 3.201. Now every u-compact group G 
is a projective limit of second countable groups G/C, and 6 = ui a. 
Moreover, o is equivalent to a symmetric weight function wj which is 
constant on cosets of Cj, and Prim, L&(G/Cj) is open in Prim, L,!,,,(G). It 
follows that L:(G) is *-regular provided that all LL,(G/Cj) are *-regular. 
But if H is a second countable [FD] - group and w a symmetric and non- 
quasianalytic weight on H, then the continuous and surjective mapping 
Prim C*(H) + Prim, L:(H) is one-to-one (Lemma 2.3) and open 
(Lemma 2.5). 
Conversely, let L:(G) be *-regular, and let N be an open, compactly 
generated normal subgroup of G containing a fixed x E G. Then K = [N, G] 
is compact by [7, Theorem 3.20 and Corollary 3.181; and we can assume 
that w is constant on cosets of K. The canonical homomorphism TK: 
L’(G)+L’(G/K) induces a surjective homomorphism T;;‘: L:(G) -+ 
L;(G/K), ti(xK) = w(x), and LjJG/K) is isometrically isomorphic to 
LL(G)/ker Tg [ 19, $7.41. Therefore Lz(G/K) is *-regular, and hence we can 
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assume K = {e), i.e., N G Z(G), the center of G. We will show that LkN(N) is 
regular, so that o,,, is non-quasianalytic by [5, Theorem 2.1 I]. We consider 
the following commutative diagram, where all mappings are intersections of 
primitive ideals with a subalgebra nd, of course, are continuous 
Prim C*(G) 7 Prim, L:(G) 
! I 
s 
Prim C*(N) (pr Prim, LLN(N). 
Now @ is a homeomorphism by assumption. It follows that ~1 is open, and 
hence L:,(N) regular, provided that the hull-kernel topology on 
Prim, LLN(N) equals the final topology with respect o S. To prove this, let 
A c Prim, L;,(N) be such that s-‘(A) is closed, and let A E fi such that 
ker 1,~ k(A). If 
f E k@-‘(A)) = 0 {ker 17:; ~1 E fi with ker ,u, E A}, 
then .J] N E ker p,, 
,f]NEk(A)cker&N 
for all x E G and ,U E fi with ker,uWNE A, hence 
for all x E G, i.e., f E ker Ut. Choose rr E supp U’, 
then k(s-‘(A)) E ker K,. Thus ker 72, E s-‘(A) and ker IzUN = s(ker rc,) E A. 
3. SPECTRAL SYNTHESIS PROBLEMS FORL:(G) 
In this section we first discuss the Beurling algebra version of the 
projection theorem for spectral sets [8, 2.6 Theorem]. The proof is along the 
lines of that given in [8]. 
THEOREM 3.1. Let N be a closed normal subgroup of the locally compact 
group G and w a symmetric weight function on G. For a G-invariant, closed 
subset F of Prim, LL#V) define 
E = {ker x, ; n E 6, n] N(k(F)) = 0) s Prim, L:(G). 
Assume that the irreducible *-representations of L;(G) and LL#?) are 
deJned by irreducible representations of G and N, respectively. Suppose 
further that the smallest ideals j(F) and j(E) exist. Then the following hold: 
(i) IfE is spectral, so is F; 
(ii) if F is spectral and j(E) is invariant under multiplication by 
L”(G/N)-functions, then E is spectral too. 
Proof We only mention the changes to be made in [8]. Recall that 
L:(G) = {f, fw-’ E Lm(G)} is the dual space of L:(G) with canonical 
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bilinear form (J; (o), = I,f(x) q(x) dx, f E L;(G) and rp E L:(G). For a 
continuous rp E L:(G) and x E G it follows from [ 19, 7.2.31 that 
JJIN c Lz#V), where ,q(y) = q(x- ‘y) for x, y E G. On the other hand we 
have for f0 E L:(G), g E C,,(G) and f =f+g: (i) f is continuous, 
(ii) ,f]ZV E LLN(N) for every x E G, and (iii) x + J]ZV is continuous and 
x-+ Ilxfl~lll,wN is in L:(G) [ 19, 7.3.3.1. Now it is easy to see that for 
continuous functions f E L;(G) and a, EL:(G), x+ (,f IN, xpIN),, is 
continuous and 
holds by Weil’s formula. For f E L:(G) and ZJ E LL,JN), viewed as a 
measure on G, f*u EL:(G). If we define I,v,(x) = I, w(n) g(n-‘x) dn for 
x E G, g E C,,(G) and continuous w E LzN(N), then wB is continuous and 
contained in L:(G) (compare [19, 7.3.5.1). Finally, for Z E LeN(N) define 
Z&, = {fp E Lr#V); (f, (p),, = 0 for every f E I}. 
If Z is a closed ideal, Z$ is a weak-*-closed, translation invariant linear 
subspace of Ly#V), and rt is G-invariant, if and only if Z is. As in the case 
w = 1, Z + Z& IS injective on the set of closed ideals. 
Now we can define the modified mappings e, and rw. Starting with a 
closed, G-invariant ideal I’ in LL,(N> let e,(Z’) denote the closed linear span 
of C,,(G)*Z’, which turns out to be an Lm(G/ZV)-invariant closed ideal in 
L:(G). Conversely, for an Lm(G/N)-invariant closed ideal Z in L:(G) take 
the linear span Z, of Z*C,,(G) and set r,(Z) = (f ]N, f E Z,} -. This is a G- 
invariant ideal in LkN(N). Now, w does not appear in the computations 
made in [8, 2.2-2.61, and all the integrals occurring there exist by the above 
considerations. Since moreover the *-representations of the two Beurling 
algebras are by assumption defined by representations of the corresponding 
groups, the proofs of [8] go through in our Beurling algebra situation as 
well. 
LEMMA 3.2. Let G be an [FCJ- group and w a symmetric weight 
function on G satisfying the following condition (*): For every x E G there is 
some a = a, > 0 such that w(x”) = O(na) as n + co. Then the weighted 
measure w ak is polynomially growing, i.e., for every compact neighborhood 
U of the unit element there are constants c > 0 and d > 0 such that 
5 w(x)dx<c-nd for all n E N. un 
Proof: Let U be such a neighborhood, and consider the open normal 
subgroup H generated by U. H contains a compact normal subgroup K, such 
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that the factor group H/K is isomorphic to Rk X H’ for some k, 1 E N, [ 7, 
Theorem 3.201. Since we can assume that U contains K and that w is 
constant on cosets of K, it is sufficient to deal with G = Rk x Z’ and U = 
{X = (x1,-., Xk+l) E G; lx,1 < m, l(i<k+Z} for some mEIN. 
Writing (*) additively, we have constants c,, > 0 and d, > 0 such that for 
the canonical basis vectors ei of Rk X Z’, 1 < i < k + 1, we have 
ce(ne,) < c,& for all n E N. Put 
V={xEG;]xi]<l, l<i<k,andxi=O,otherwise}. 
Then M = sup{w(x); x E V} < co, since w is locally bounded. Now, for x = 
Cfz=‘:nieiE U and n E N h c oose n, E Z such that y = nx - Cl:: niei E V 
and In,J<m.n(l<i<k+f). Then w(nx) < w(y) . l-If=+: w(niei) < 
M(co(mn)do)k+‘. Finally, since the Haar measure of U” equals (m . n)kt ‘, we 
get 
I w(x) dx < (m . n) k+’ - M(c, . (mn)do) k+’ = end. CJ” 
COROLLARY 3.3. Let G and w be as in Lemma 3.2. Let N be a closed 
normal subgroup of G with Abelian factor group GIN. Then for F and E as 
in Theorem 3.1, F is a spectral set if and only if E is. 
Proof: Notice first that NE [FC] - and that (*) holds for wN as well. 
Clearly, the rates of growth 0 and Qiy are equal to 1. Thus by Lemma 2.2 
LG) and LG) can be identified with G and fl, respectively. 
Furthermore, Lr(G) and LkN(N) are symmetric Banach *-algebras. By 
Lemma 3.2, the weighted measures w dx and w,dn grow polynomially. 
Thus Dixmier’s functional calculus [4] applies to L:(G) and LLN(N) 
(compare [2, 91). Hence both are locally regular [2, Theorem 4.61 and then 
Lemma 1.2 show that j(F) and j(E) exist. Finally, since G/N is Abelian, j(E) 
is @-invariant, hence La(G/N)-invariant (see [8, 5.2 Theorem]). The 
assertion follows from Theorem 3.1. 
As an application of *-regularity and the projection theorem for spectral 
sets we study now the Wiener property of L:(G). 
THEOREM 3.4. Let G be an [FC] - group and w a symmetric and non- 
quasianalytic weight function on G. Then 0 is a spectral set, i.e., every 
proper closed ideal in L:(G) is annihilated by an irreducible *- 
representation. 
ProoJ There exist normal subgroups K and N in G such that Kc N, K 
is compact and N open, and N/K is a vector group V [7, Theorem 3.201. 
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Since 0 & Prim, LkK(K) is a spectral set, it follows from the projection 
theorem that 0 E Prim, L:(G) is spectral provided that j(0) E L:(G) exists 
and j(0) is Loo (G/K)-invariant. 
We claim that given r E fi, there aref, g E Lk&N) such that f = f * g and 
s(f) # 0. This will be shown by applying [ 18, Lemma 21. Notice first that 
7 1 K N < for some r E K since the discreteness of K and the connectedness of
N/K imply that the elements in K are N-invariant. Set v = tr < and consider 
the *-semisimple Banach *-algebra A = LkN(N)*pu,. o being non- 
quasianalytic, the rate of growth of o is 1 [ 13, Remark, p. 3131, so that 
L:(G), and hence A, is symmetric [13, Theorem 2.61. A is *-regular, since 
L;(G) is *-regular by Theorem 2.6 and closed *-ideals in *-regular algebras 
are *-regular. Moreover, o(A) consists of compact operators for every 
uEa= {p(A; pd, plK-<} as N is a CCR-group, and Prim, A is a 
locally compact Hausdorff space (see [ 10, Theorem 11). Now, r= P acts on 
A by (A, f) + 1. f since A( g*pu,) = Ig*bu,. Prim, A = {ker(r @ A)IA; I E r) 
is a transitive r-space, and for every P E Prim, A, the mapping r/r, -+ 
Prim, A is a homeomorphism as r is u-compact. Thus [ 18, Lemma 21 
applies and shows the existence off and g with the desired properties. 
Now, let x E G and choose 7 E supp z) N. By what we have just seen for 7, 
there are f,, g, E LkN(N) s L:(G) such that ndf,) # 0 and f,* g, = f,. Set 
M = {f,; 7~ E G), then h(M) = 0, and we conclude from [ 14, Lemma 21 that 
M is contained in every ideal of L,(G) with empty hull. Thus j(0) = (M), 
the ideal generated by M in L:(G). 
Finally,j@i) is La(G/K)-invariant. To see this recall thatj(0) is the ideal 
in L:(G) generated by the set F of all functions f E LkN(N) such that f = 
f eg for some g E LtJN). Since, A(f *g) = Af dg for 1 E $?, we have 
,lF = F for all 2 E NG Now, Lm(N/K) is the smallest weak *-closed trans- 
lation invariant subspace of L”(N/K) containing N% It follows that the 
closed ideal J in L f,,,JN) generated by F is Lm(N/K)-invariant, and hence J, 
viewed as a subset of L;(G), is L”O(G/K)- invariant. But j(0) is the closed 
ideal in L:(G) generated by J, and c,f = &,rp. f) for cp E L“‘(G), 
f E L:(G) and a E G. This shows thatj(0) is L”(G/K)-invariant. 
Our next theorem extends a result proved by Shilov for G = Z and Domar 
(5, p. 471 for general ocally compact Abelian groups (see also [ 19, Chap. 6, 
Sect. 3.21). But before stating it, some words concerning the injection 
theorem for spectral sets are in order. This theorem does not hold for 
arbitrary Beurling algebras on Abelian groups since points are not spectral 
in general. We will use the injection theorem in the following very special 
situation. Let G be an [FC] - group, C a compact normal subgroup of G and 
o a symmetric weight function on G with rate of growth 1, which is constant 
on cosets of C. If E E Prim, Lk(G/C) is a spectral set for Lk(G/C), then it 
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is a spectral set for L:(G). Indeed, this follows easily from the fact that 
Prim, L:(G/C) is open in Prim, L:(G) (and hence a spectral set by 
Remark 1.3). 
THEOREM 3.5. Let G be a u-compact [FD] - group and w a symmetric 
weight function satisfying Shilov’s conditions: for every x E G 
(i) w(x”) = O(na) asn+co,forsomea=a,>O,and 
(ii) lim inf o(x”)/n = 0. 
Then points in Prim, L:(G) are spectral sets. 
Proof: If K E G, then K E @ for some compact normal subgroup C of 
G such that G/C is second countable, and o is equivalent to a weight 
function which is constant on cosets of C and also satisfies Shilov’s 
conditions. Therefore we can assume that G is second countable. Let K be a 
compact normal subgroup of G such that G/K = I?” X D, where D is discrete 
Abelian, and choose < E 2 with n]K - G(r). By Proposition 2.1 there exist a 
closed subgroup H and a finite dimensional p E ri such that K _C H E G,, 
p]K-c and rr- Up. Let F = ker G@)wH g Prim, L&(H), then, since 
Hc G,, F meets every open set ker(t @ @lmH, 7 E I?, at most once. In 
particular, F is closed. Set E = (ker (I o; UE G, alH(k(F))=O}, then E= 
{ker rr,}, and by Corollary 3.3, E is a spectral set as soon as we have shown 
that F is spectral. Since L:“(H) has the Wiener property by Theorem 3.4 
and is locally regular and symmetric, Lemma 1.4 applies. Thus it suffices to 
prove that { ker p,,} is a spectral set. 
Set P = ker po, and C = {x E K; p(x) = I}, then we can assume that wH is 
constant on cosets of C. Now, P E Prim, LkH(H/C) and in order to show 
that {P) 5 Prim* LLH(H) is spectral, by the injection theorem we can assume 
that plK is faithful. Thus H is a maximally almost periodic [FD]- group, 
hence HE [Moore]. Since, moreover, H is Lie, it is a finite extension of a 
central group by [16, Theorem 21 and then even central by [ 12, 
Lemma 5.41. Recall that a locally compact group A is called central [6] if 
A/Z(A) is compact, where Z(A) denotes the center of A. Since We satisfies 
Shilov’s conditions, by Domar’s result [5, p. 471 points in G) are spectral 
sets for LLz,&H). Corollary 3.3 implies that 
E = {ker roH; r E Z? such that t ] Z(H) - p ] Z(H)} G Prim, L:“(H) 
is a spectral set. Now, A-, Prim, LkH(H) is a homeomorphism since 
LA”(H) is *-regular and HE [Moore]. Moreover, H being central, the 
mapping 7 + (dim r) - ’ . tr 7 is a homeomorphism between Z? and the space 
of normalized traces of irreducible representations of H, endowed with the 
5ao/sv2-7 
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compact-open topology. [6, Corollary 5.21 shows that E is discrete. Finally, 
it follows from Remark 1.3 that (P} is a spectral set. 
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